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Abstract. We define a difTerential graded algebra associated to Legen- 
drian knots in Seifert fibered spaces with transverse contact structures. 
This construction is distinguished from other combinatorial realizations 
of contact homology invariants by the existence of orbifold points in the 
Reeb orbit space of the contact manifold. These orbifold points are im- 
ages of the exceptional fibers of the Seifert fibered manifold, and they 
play a key role in the definitions of the differential and the grading, as 
well as in the proof of invariance. We apply the invariant to distinguish 
Legendrian knots whose homology is torsion and whose underlying topo- 
logical knot types are isotopic; such examples exist in any sufficiently 
complicated contact Seifert fibered space. 



1. Introduction 

In recent years, the study of Legendrian knots in contact manifolds be- 
sides the standard has attracted increasing attention. One thread of 
this research has investigated the geography of Legendrian knots in rational 
homology 3-spheres, while another thread has focused on extending non- 
classical invariants to an ever-wider range of contact 3-manifolds. This pa- 
per unites these two themes with a study of Legendrian knots in closed 
orientable Seifert fibered spaces (SFS) over orientable bases equipped with 
transverse invariant contact structures, which we shall refer to as contact 
Seifert fibered spaces. The main result is a combinatorial realization of 
the Legendrian contact homology differential graded algebra for Legendrian 
knots in contact SFS's. 

Legendrian knots in rational homology 3-spheres have been studied from 
a variety of viewpoints. Papers such as [2] and [3] develop combinatorial 
formulations of Heegaard Floer link homology for Legendrian links in lens 
spaces. In work more closely related to this paper. Baker and Etnyre [1] 
extend classical invariants of null-homologous Legendrian knots to rationally 
null-homologous Legendrian knots and show that rational unknots in tight 
contact lens spaces are classified up to Legendrian isotopy by their rational 
classical invariants; see also [21 [TJ [28]. We continue Baker and Etnyre's 
inquiry by developing non-classical invariants for such knots. 
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Many non-classical invariants of Legendrian knots owe their genesis to 
geometric ideas of Eliashberg and Hofer |10j . Legendrian contact homology 
is part of the Symplectic Field Theory framework , and it was first ren- 
dered rigorous and combinatorially computable by Chekanov [4] for knots 
in the standard contact M^; see also [131 123j . The invariant takes the form 
of the homology of a non-commutative differential graded algebra (A, d) . 

Legendrian contact homology has been rigorously defined not only in the 
standard contact M'^, but also in the 1-jet space of the circle [26]; in higher- 
dimensional contact manifolds such as M^*^"*"^ [8] or P x M, where P is an 
exact symplectic manifold [9] ; and in circle bundles over a Riemann surface 
whose contact structure is defined by a connection of negative curvature [29] . 
More recently, the first author has generalized the circle-bundle invariant to 
lens spaces with their universally tight contact structures [16]; see also |17| . 

The main goal of this paper is to further generalize the lens space invariant 
to Legendrian knots in closed oriented Seifert fibered spaces over orientable 
bases. In order to accommodate this broader class of manifolds, we adopt the 
perspective that our Seifert fibered spaces are orbibundles over orientable 
2-orbifolds with cone singularities. Drawing on work of [15\ [T9\ [20} I21j . we 
describe a positive S'^-invariant contact form whose Reeb orbits are the fibers 
of the Seifert fibered structure. This encodes the Seifert fiber structure as a 
consequence of the contact geometry and permits us to prove the following: 

Theorem 1.1. Let K be a Legendrian knot in a Seifert fibered contact 
manifold (M, a) as above. Then there is a combinatorially defined differen- 
tial graded algebra {A,d), called the (low-energy) Legendrian contact 
homology differential algebra, whose stable tame isomorphism type is 
invariant under Legendrian isotopy of K. 

The grading takes values in the rational numbers. The algebra may be 
defined over the coefficient ring Z2 [Q] , where the coefficients are represented 
by polynomials in rational powers of t. Setting t = \ yields an algebra 
graded by a cyclic group, and the resulting differential graded algebra can 
be used to distinguish Legendrian knots. 

Theorem 1.2. In any Seifert fibered contact manifold with b > \, at least 
one exceptional fiber, and for which the ratio of the orbifold Euler charac- 
teristic of the base to the Euler number of the whole space is non-integral, 
there exist Legendrian non-isotopic knots whose homology class is torsion 
and whose underlying topological knots are isotopic. 

The constructions used to define the grading for rationally null-homologous 
knots have additional applications, and we develop combinatorial algorithms 
for computing the rational classical invariants in the related paper [18] . We 
conjecture that these algorithms strengthen Theorem [L2] with the additional 
hypothesis that the knot type is non-simple. 
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The remainder of the paper is structured as follows: Section [2] provides 
background on Seifert fibered spaces and transverse invariant contact struc- 
tures on them. We also introduce orbifolds and orbibundles as technical 
tools for later use. In Section [3l we turn our attention to Legendrian knots 
in these Seifert fibered spaces, developing machinery that will allow us to 
define the differential graded algebra {A, d) in Section IH We postpone the 
proofs of (9^ = and of invariance to Sections [6] and U\ respectively; these 
two sections are rather technical, and they focus on the differences between 
the current invariant and other combinatorial realizations of Legendrian con- 
tact homology. In Section [5l we present families of examples which prove 
Theorem II. 2i 

Acknowledgements. We thank Emmanuel Giroux for useful discussions 
about invariant contact forms on Seifert fibered spaces. We also thank MSRI 
for hosting the second author during part of the research process. 

2. Transverse Invariant Contact Forms on Seifert Fibered 

Spaces 

We assume familiarity with standard definitions from contact geome- 
try: positive contact structure, Reeb vector field, Legendrian knot, and 
Lagrangian projection. An introduction to the relevant background mate- 
rial may be found in [12] and [U]. After introducing Seifert fibered spaces, 
we will discuss the interactions between their contact geometry and fiber 
structure. 

2.1. Invariant Transverse Contact Structures on Seifert fibered 
spaces. A Seifert fibered space is a closed, connected three-manifold to- 
gether with a decomposition as a disjoint union of circles, called fibers. 
Each fiber is required to have a fibered neighborhood of a special type. Be- 
gin with a solid torus x whose fibers are {pt} x S^. Cutting this solid 
torus along x {pt} and regluing via the map (r, 9) i-)- {r,9 + |) induces 

a new fiber structure on the neighborhood of the core fiber {0} x S^. When 
I G Z, the core fiber is called a regular fiber, and when ^ g Q \ the core 
is called an exceptional fiber. Let S be the quotient of M by identifying 
each fiber to a point. Then the quotient map M ^ S induces an orbifold 
structure on S, a perspective we will explore more fully in Section [2.21 The 
image of each exceptional fiber is an exceptional point on the orbifold S. 
Note that we may also think of a Seifert fibered space as a 3-manifold with 
a semi-free S^-action. 

In order to describe these manifolds, we follow the notational conventions 
of [m |21]: let 5" be a closed, oriented surface of genus g. Consider r + 
1 disjoint discs DQ,...,Dr, and let S' = S\\jDi, with each boundary 
component oriented as the boundary of the removed disc. Let M' = S' x S^. 
The first homology groups of the boundary tori of M' are generated by 
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classes {mi,li), with rrii = [dDi x {pt}] and li = [{pt} x 5^], oriented so 
that rui ■ ii = 1. 

Let 6 € and glue a solid torus to the boundary component ODq x 
so that a meridian is sent to a curve representing the class of niQ + 6£o- 
For 1 < i < r, let aj and (3i be relatively prime integers such that < 
f3i < tti. Glue a solid torus Wi to the i^^ boundary torus of M' so that a 
meridian of Wi is sent to a simple closed curve representing the homology 
class aiiTii + fiiii. The resulting identification space is the Seifert fibered 
space with Seifert invariants {g, b; (ai, /3i), . . . , (a^, /3r)); the number b is the 
integral Euler number. Note that the first homology of this Seifert fibered 
space is generated by the first homology of S' , the classes of the curves mj, 
and the class F of a regular fiber. 

Every Seifert fibered space can be realized via this construction, and given 
two Seifert invariants, it is easy to determine whether they correspond to 
the same Seifert fibered manifold [27j . The rational Euler number of a 
Seifert fibered space with Seifert invariants {g, b; (ai, /3i), . . . , {ar, (3r)) is the 
rational number 



Throughout this paper, we will restrict attention to the case where T, and 
M are both orientable. We are interested in S'^-invariant transverse contact 
structures on these Seifert fibered spaces, and Kamishima and Tsuboi (and 
also Lisca and Matic) have determined when such a contact structure exists. 
With the notation introduced above, their theorem is the following: 

Theorem 2.1 ( |15l I19|). On a Seifert fibered space, there exists an S^- 
invariant transverse contact form if and only if the rational Euler number 
is negative. 

In fact, we can adjust the contact form promised by the theorem so that 
its Reeb vector field is particularly nice: 

Lemma 2.2. Any S^-invariant transverse contact form on a Seifert fibered 
space is contactomorphic to a contact form whose Reeb vector field points 
along the fibers. 

Proof. Let a be the invariant transverse contact form, and let X be the 
vector field that generates the circle action on M. Since a is positive and 
kera is transverse to the fibers, the function a{X) is invariant and always 
positive. Thus, we may form a = ■^;rx)Oi- Notice that 



e(M) 



b 




ixda = CxOi — dixOi = 0; 



the Lie derivative term vanishes because a is invariant and tx« is constant. 
Thus, we have X € kercfe, and hence that the Reeb field points along the 
fibers. □ 
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As a result of this lemma, we will assume that the phrase "contact Seifert 
fibered space" refers to an orientable Seifert fibered space over an orientable 
base, together with a contact form whose Reeb trajectories realize the Seifert 
fibers. 

Finally, in the case that S is not simply-connected, we equip T, with a 
collection of oriented simple closed curves {Xi} that form a basis for Hi(T,). 
We denote the union of these curves by X. 

Lemma 2.3. After possibly adjusting the contact structure locally, each Xi 
may be chosen to be the Lagrangian projection of a Legendrian loop in M . 

Proof. Starting at an arbitrary point on Xi, lift the entire curve to a Leg- 
endrian curve in M. In general, this curve will not be closed, and we adjust 
the contact form on the bundle over a neighborhood of Xi so that the end- 
points agree. (A similar argument is used in [29].) Let /? G 0^(5]) be an 
^^-invariant form representing the Poincare dual of Xi. Scale /3 so that with 
respect to the contact form a + TT*kf3, the curve Xi lifts to a closed Legen- 
drian curve in M. Use a partition of unity to ensure a smooth transition 
from a to the adjusted local form. □ 

2.2. Seifert Fibered Spaces as Orbibundles. As mentioned in the intro- 
duction, we will make use of the language of orbifolds and orbibundles in our 
analysis. We use the terminology of to discuss orbifolds and orbibundles. 
The key facts, all easily verified, are presented here. 

The surface S has a natural orbifold structure induced by the Lagrangian 
projection of M. In particular, the image of the j*'* exceptional fiber has a 
local Z/oj action. Its orbifold Euler characteristic is given by 



The manifold M has the structure of an S -orbibundle over E. A fiber 
neighborhood of the j^^ exceptional fiber has a diagonal action of Z/a^ given 



The manifold M may be thought of as the unit circle orbibundle of a complex 
line orbibundle. Its orbifold Euler number (or first Chern number) is the 
rational Euler number defined above. 

A smooth map of orbifolds u : X ^ X' is called regular if the preimage 
of the regular points of X' is an open, dense, and connected subset of X. It 
follows from Lemmas 4.4.3 and 4.4.11 of [5] that if E is an orbibundle over 
X' and u : X X' is a regular map, then there is a canonical pull-back 
orbibundle u*tt : u*E X and a smooth map u : u*E ^ E which covers u. 

In the specific case of the orbibundle vr : M — > S, the contact form 
a induces a form on S which satisfies 7r*r2 = dot. We define the Euler 



(2.1) 




by 
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curvature form on S to be k = — 2;^^^- The usual Chern-Weil theory, adapted 
to orbibundles, then aUows us to compute: 

(2.2) e(M) = [ K, 

where integration is performed in the orbifold sense. As in [20], we combine 
this calculation with the requirement that e(M) < in order to view k as a 
negative multiple of the volume form on S. 

3. Legendrian Knots in Seifert Fibered Spaces 

In this section, we turn our attention to Legendrian knots in the con- 
tact manifolds described above. This section provides the key link between 
the geometric behavior of these knots and the combinatorics of the algebra 
defined in Section HI and more generally, it establishes a scheme for for repre- 
senting Legendrian knots in contact Seifert fibered spaces diagrammatically. 

3.1. Lagrangian Diagrams for Legendrian Knots. Let K he a generic 
Legendrian knot in a transverse contact Seifert fibered space M; assume 
that K lies in the complement of the exceptional fibers. Let vr : M — > S 
denote Lagrangian projection, and let F = Tr{K). The preimage of each 
double point of F consists of a primitive Reeb orbit which intersects K 
twice, partitioning the orbit into two Reeb chords that each begin and end 
on K. 

Let i{x) denote the length of the Reeb chord x: 




A regular fiber has length 27r, and we will sometimes refer to chords with 
length less than the orbital period as being "short" . 

Label the double points of F with {1, . . . , n}. Each crossing locally divides 
S into four quadrants, and orienting K distinguishes a pair of quadrants 
whose boundaries are oriented coherently. At the i^^ crossing, label this 
pair of quadrants by af and as in Figure [H Label the other pair of 
quadrants by a~ and bf. 




Figure 1. Quadrant labels near a double point of F. 

These labels correspond to the short Reeb chords projecting to the cross- 
ing in the following manner: each oriented chord identifies the strands of K 
locally as "source" and "sink"; traveling from the b source strand to the b 
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sink strand in F orients the quadrant labeled positively. Similarly, trav- 
eling from the a source strand to the o sink strand in F orients the quadrant 
labeled positively. We will use the terms a-type and 6-type to desig- 
nate chords labeled with Oj and bj, respectively, and we say that the o-type 
chords are preferred. 

A Lagrangian diagram for the pair (M,K) consists of a pair (S,F) 
which is diffeomorphic to the Lagrangian projection of {M,K), together 
with markings indicating the exceptional points and their Seifert invariants. 
When 7ri(E) 7^ 1, we also assume that F and the Xi intersect transversely. 

A Lagrangian diagram is labeled if it is decorated with the following 
additional data: 

(1) an orientation of F; 

(2) chord labels a, and bi at each crossing of F; 

(3) for each component i? € S \ (FUX), a rational number n{R), called 
the defect, which will be defined in the next section. 

3.2. Admissible Disks. By itself, the isotopy class of F is insufficient to 
recover the Legendrian type of K. This is remedied by labeling each region 
in the Lagrangian diagram with its defect, a notion which extends the one 
introduced in [29] to the case of 5^-orbibundles. Instead of working directly 
with regions, however, we use the somewhat more general concept of an 
admissible disc. 

Definition 3.1. A marked surface D is a complex orbifold of real dimen- 
sion 2 with m + 1 distinguished points zq, . . . ,Zm on and / distinguished 
points wi, . . . ,wi in the interior of D (m, ^ > 0). The points zq, . . . ,Zm 
are called marked boundary points, and the points wi, . . . ,wi are called 
marked interior points. The singular points of B are contained in the set 
of marked interior points and all have cyclic local groups. 

When D is topologically the unit disc in the complex plane, we refer to 
the marked disc. 

Definition 3.2. A map u : (D,5D) — (S,FUX) of a marked surface into a 
Lagrangian diagram is admissible if the following conditions are satisfied: 

(1) away from the marked points, u is a smooth, orientation-preserving 
immersion, as is the restriction of u to \ {zq, . . . z^}', 

(2) The preimage of each exceptional point in S is a marked interior 
point of B. 

(3) If an exceptional point of T, has invariants (ai,Pi), then the associ- 
ated marked interior point is an orbifold point with group for 
some ki dividing Oj. In a neighborhood of the associated marked 

interior point, u is modeled on z 1— > z . 

(4) Each marked boundary point Zi maps to a double point of F U X, 
and the u-image of a neighborhood of Zi covers an odd number of 
quadrants of S near the double point. 
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Two admissible maps u and v are deemed to be equivalent if there is an 
automorphism (/> : D ^ B of marked surfaces such that u = v o (p. 

An admissible map n is a regular map in the orbifold sense, so we may 
pull back the orbibundle M — ?> S to an orbibundle over B. Note that if 
fcj = 1 at each exceptional point, then this pullback will be an honest circle 
bundle over a Riemann surface. 

Recall that the Lagrangian projection from M to S is a bundle map, and 
let u : u*M M he the map covering u. Let x = {xq, . . . , Xm} be a choice 
of short Reeb chords lying above the images under u of the marked boundary 
points. The image of u covers a quadrant labeled with xf or x~ near the 
image of the marked boundary point, as indicated in Figured) let be +1 
(resp. —1) if Xi is traversed in the positive (resp. negative) direction. 

Definition 3.3. With u as above, the defect of u with respect to the chords 
X is defined by: 

(3.1) n(ti;x)= / + — V'ei^(xj). 

The defect allows us to label the Lagrangian diagram for {M,K). For 
any region i? C S \ (F U X) , choose an admissible map u : B S with 
image R and define the defect of R as the defect of u with the choice of 
the preferred a-type chords at the corners. The definition of the defect of a 
region, together with Equation (j2.2p . implies: 

Proposition 3.4. Let {RjYj^-^ be the regions o/Il\ (FUX). Then 

r 

Y,n{R,) = e{M). 

j=0 

3.3. The Meaning of the Defect. Admissible maps without singular 
points in their domains will play a key role in defining the differential for the 
Legendrian contact homology algebra. In order to better understand the de- 
fect of an admissible map with a given choice of Reeb chords x, we construct 
a curve Cx in u*M as follows: lift 9B to a curve Cx : ^ u*M which con- 
sists of segments of the Legendrian lifts of dO, alternating with the preferred 
chords Xi traversed in the direction determined by ti. If u : u*M ^ M is 
the bundle map covering u, then it is easy to see that: 

(3.2) / u*a = Y,^^^i^i)■ 

The defect of an admissible map u with no singular points in its domain 
is the obstruction to extending the lifted boundary curve Cx to a map from 
a disc to M. 

Proposition 3.5. Suppose that u is an admissible map with no singular 
points in its domain and that x is a choice of Reeb chords over the corners 
ofu. Then u\c^ extends to a map from a disc to M if and only ifn{u] x) = 0. 
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Proof. We begin by pulling back the orbibundle M over the admissible map 

u to obtain an honest circle bundle u*M D. Trivialize u*M using the 
bundle equivalence r : u*M x S^, and let p2 : D'^ x ^ be the 

projection onto the second factor. This allows us to view P2 ° t o Cy^ as a 
self-map of S^; abusing terminology, we call the degree of this map degCx- 
We will prove that 

(3.3) n(u;x) = degCx, 

and the proposition will follow. 

Form a new curve by concatenating Cx and a vertical curve that winds 
— degCx times around the fiber. Using a small vertical homotopy, we may 
perturb to be a section s of u*M over dO; note that the integral of a 
over the images of these two curves is the same. The degree (as defined 
above) of the section s vanishes, so it extends to a section s : D ^ u*M. In 
particular, we have the relation {u*tt) o s = id in the following commutative 
diagram: 



u*M 



We now calculate as follows: 

u*^= / s*{u*TT)*u*n 

s*u*da 

sua 



u*a — 27r deg Cx- 



Cx 



Dividing by 27r, recalling that k = —-^Q, using Equation ()3.2|) and rear- 



ranging yields (j3.3p . 



□ 



Remark 3.6. In fact, the proof of Proposition 13.51 supports the following 
more general statement: for any admissible map whose domain has a single 
boundary component and no exceptional points, the first homology of the 
bundle n*M Igjj has a natural basis represented by a copy of the fiber F and 
curve which bounds a section in B) x 5^. The defect of u is the coefficient 
of [F] when [Cx] is expressed in terms of this basis. When the image of u 
contains exceptional points, we pass to an a-fold cover, where a is the least 
common multiple of the Oj indices of the exceptional points. In this case, 
the homology class of the lift of Cx determines (a)(n(u;x)). 
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Corollary 3.7. The defect of an admissible map u without singular points 
in its domain is an integer strictly hounded above by the number of Reeh 
chords traversed in the positive direction. Furthermore, we have the hound 

t{xi) - ^ l{xj) > 2TTn{u;yi). 

Xi positive Xj negative 

Proof. That the defect is an integer follows from its characterization as the 
degree of a map in the preceding proof. The upper bound comes from the 
fact that only positive terms in the expression (13. ip for the defect come from 
the positively traversed chords, and each of these chords has length at most 
27r. □ 

3.4. Rotation of an Admissible Map. In the previous sections, we as- 
signed a defect to each admissible map u (assuming a choice of Reeb chords 
at the corners), which measures the relative Euler number of the bundle 
u*M relative to a curve formed by Legendrian lifts of the boundary of the 
base and the chosen Reeb chords. In this section we assign another relative 
Euler number to an admissible map, namely the rotation of a tangent vector 
field to r U X along the boundary (9D. 

We begin by examining a version of the Poincare-Hopf theorem for 2- 
orbifolds with boundary. 

Lemma 3.8. The obstruction to extending a smooth, non-vanishing vector 
field tangent to the boundary of a 2-orhifold Q to the interior is given by 

r{Q) = XorbiQ)- 

Proof. The geometry behind this lemma comes from the Poincare-Hopf The- 
orem for orbifolds with boundary, reduced to the 2-dimensional case; see 
[32]. For a 2-orbifold Q with boundary and a vector field Y whose zeroes 
are isolated and lie in the interior of Q, the orbifold Poincare-Hopf Theorem 
states 

(3.4) IndorbiY) = x'orbiQ) + Y*T[dQ]- 

we explain the constituent terms below. 

The term Indorbi^) the left is the sum of the orbifold indices of Y 
at its zeroes, which is precisely the obstruction to Y being a non-vanishing 
vector field. 

The term x'orb(Q) so-called inner orbifold Euler characteristic 

of Q. The ordinary orbifold Euler characteristic of Equation (|2.ip may be 
computed using a triangulation T of the orbifold with the property that the 
order of the isotropy group of the local action is constant on the interior of 
every simplex; see [22 for a proof that such a triangulation exists. If we let 
N„ denote the order of the isotropy group for the simplex a, then we may 
compute that 

XorbiQ) = X] M • 



LEGENDRIAN CONTACT HOMOLOGY IN SEIFERT FIBERED SPACES 



11 



The inner Euler characteristic is defined similarly, except the sum ignores 
the simplices that are completely contained in the boundary. It is easy to 
check, however, that x'orb(Q) ~ XorbiQ) in two dimensions. 

The final ingredient of the Poincare-Hopf Theorem is an orbifold version 
of Sha's secondary Euler class [33], denoted T, that lies in the cohomology 
of the unit sphere bundle of TQ\qq. In the spirit of Chern, this class is 
defined using connection and curvature forms for an SO{n) connection on 
the tangent bundle. The actual term that appears is the evaluation of the 
pullback of T by the vector field Y (thought of as a section Y of the unit 
sphere bundle) on the fundamental class of dQ. In the case that Y is tangent 
to the boundary, however, Sha notes that Y*T vanishes; see also [31]. □ 

As above, let « : D — )■ S be an admissible map, and let Z be a smooth 
non- vanishing vector field on SB that is tangent to 910). On dD\{zo, . . . ,Zn}, 
we have u*Z e T(ruX), and hence the rotation of Z measures the rotation 
of a vector field tangent to TUX along the image of u. The only issue occurs 
at the boundary marked points Zi. We make corrections at those points as 
follows: once we have fixed a complex structure on S in a neighborhood 
of each double point of T with the property that the strands of F intersect 
orthogonally, we see that near each Zi, u^^Z has a discontinuity which is 
an integer multiple of 7r/2. To pin down this multiple, we examine the 
number of quadrants of (S,r U X) that the image of u covers near Zi\ 
the multiple may be easily computed to be |(mj— 2). We define the rotation 
number r(u) of an admissible map u to be the obstruction to extending 
the vector field Z to & vector field on all of B, corrected by the corner terms 
YliLo i("^i ~ 2); reversing orientation negates the rotation number. Thus, 
based on Lemma 13.81 we have the following computation: 

(3.5) r{u) = eu ^Xorb(B) + ^ ^("ii " 2)^ , 

where = ±1 according to whether u preserves or reverses orientation, and 
rrii is the number of quadrants of (S, F U X) that the image of u covers near 

Zi. 

As with the defect, we may assign a rotation to each region i? € S \ (F U 
X) . Let uji : B — 7> i? be an admissible map with the property that the pre- 
image of each exceptional point with Seifert invariants (a^, /3j) is an orbifold 
point of order Oj. Then the rotation of R is the rotation of the map n^. 

4. The Differential Graded Algebra 

In this section we define the differential algebra A associated to labeled 
Lagrangian diagram for a Legendrian knot in a contact Seifert fibered space. 

4.1. The Algebra. Given a Legendrian knot K in a, contact Seifert fibered 
space M, we consider an algebra generated by the short Reeb chords of 
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the pair {M,K). We define the (low-energy) algebra of the labeled La- 
grangian projection T with n double points: 

Definition 4.1. Let Ar be the semi- free unital associative algebra with 
coefficients in Z2[Q] generated by the letters {oi, 61, . . . , a^, &n}- 

4.2. The Grading. In order to assign a grading to each generator of .4r, 
we first introduce the notion of a formal capping surface. 

A formal capping surface is a vector in Zl^^^l, or, equivalently, an assign- 
ment of an integer to each region of S\r. The integer assigned to the region 
R is called the multiplicity of R in the formal capping surface. 

Definition 4.2. If 5 = (ci, C2, ■■■Cn) is a formal capping surface, the defect 
of S is the sum of the defects of the regions Rj, weighted by multiplicity: 

n{S) = ^Cjn{Rj). 
j 

The rotation of S is the sum of the rotations of the regions Rj, weighted 
by multiplicity: 

r{S) = J2cjr{R,). 

j 

4.2.1. Grading generators. In this section we assign a formal capping surface 
to each short Reeb chord. Although this depends on a number of choices, 
we will show in Section 14.41 that different sets of choices produce isomorphic 
differential graded algebras. 

Given a generator x, choose an immersed loop 7 C F which is smooth away 
from a corner at the crossing associated to x. If x is an a- type generator, 
orient 7 to positively bound a quadrant labeled near the corner. If x is 
a 6-type generator, orient 7 to negatively bound a quadrant labeled x~ . 

For clarity of exposition, we begin by considering the case where S is 
simply connected. The idea is to apply a variant of Seifert's algorithm to 
7 in order to construct a formal capping surface. Resolve each crossing 
of 7 so that the result is a disjoint union ]J -jj of oriented simple closed 
curves with corners. For each j, choose a component of T,\jj. This Seifert 
region is a union of regions in S \F. If the orientation of 7j agrees with the 
boundary orientation of the Seifert region, assign each constituent region 
a multiplicity of 1 and the complementary regions a multiplicity of 0. If 
the boundary orientation agrees with that of — 7j, assign each constituent 
region a multiplicity of —1 and the complementary regions a multiplicity of 
0. In each region, sum the contributions coming from each of the -jj. The 
resulting multiplicity in each region defines a formal capping surface which 
we denote Sx- 

Definition 4.3. The grading of the generator x with formal capping surface 
Sx is defined by 

\a\ = 2{r{Sa) + ^Sa) - ^) 



LEGENDRIAN CONTACT HOMOLOGY IN SEIFERT FIBERED SPACES 



13 




Figure 2. Constructing a formal capping surface Sa = (1,0, —1). 
\b\=2{r{St)+fin{St) + f^-\), 

where /i = - ^Xff . 

From a computational perspective, we need only choose one capping sur- 
face per double point. In particular, given a capping surface Sa, we may 
choose the capping surface Sb to be the orientation reverse of Sa- With this 
choice, we have 

\b\=2fi-l- \a\. 

When S has non-trivial first homology, the resolution of the capping path 
7 may result in simple closed curves -jj which are non-separating on S. In 
this case, we note that each 7^ is homologous to a unique linear combination 
Yjai-Xi. In order to assign a formal capping surface to 7^, include — Oj^ 
parallel copies of Xi into the diagram and resolve any new double points 
as above. The resulting collection of disjoint oriented simple closed curves 
is null-homologous, and hence partitions S into positively and negatively 
bounded subsurfaces. One may then choose, for example, the union of the 
positively bounded subsurfaces, though there are other possible choices here. 
As in the simply connected case, these subsurfaces assign to each region of 
S \ (r U X) a multiplicity of 1, 0, or —1, thus assigning a formal capping 
surface to the capping path 7^. 

Remark 4.4. In [11], the recipe for defining a grading in an SFT-type theory 
requires a choice of trivialization of the contact structure ^ over a basis for 
Hi{M). Though it appears that we have made no such choice above, the 
choices are implicit in our construction. The lifts of the Xi, together with 
the regular and exceptional fibers, generate Hi{M). We have trivialized 
^ over the (Legendrian) lift of each Xi using the tangent vectors to that 
lift. Similarly, the choice of implicitly trivializes over the regular and 
exceptional fibers. 

4.3. The Differential. The definition of the differential is similar in phi- 
losophy to that of Chekanov's combinatorial theory for Legendrian contact 
homology in the standard contact [4j and builds on the extensions in 
[161 I29j . As before, the differential will be defined by a count of discs in 
S whose boundaries lies on F, with marked points on the boundary of the 



14 



J. LICATA AND J. SABLOFF 



disc mapping to double points of T. As in [29], the topology of the space 
M must be taken into account via the defects, but the new feature in the 
current situation is that the discs need not — in fact, cannot — be immersed 
at the projections of the exceptional fibers. 

Recall the definition of an admissible map (Definition 13. 2p . 

Definition 4.5. Given labels x and yi, ■ ■ ■ ,yk taken from the generators 
{oj,6i}, the set A(x; yi, . . . , y^) consists of all admissible maps of marked 
discs u, up to equivalence, such that 

(1) the map u has no singular points in its domain; 

(2) the map u sends a neighborhood of zq to a quadrant labeled x"*" in 
S; and 

(3) the map u sends a neighborhood of the marked boundary point Zi, 
i > 0, to a quadrant labeled in S. 

Suppose that u S A(x;^/i, . . . ,yk)- Let Sj denote a capping surface for 
Di., and let 5^ be the formal capping surface whose multiplicity at a non- 
exceptional point c is |ii~^(c)|. In each region of E \ (F U X), sum the 
multiplicities of the formal capping surfaces Su, {Sj}j>o, and —Sx- This 
sum defines a new formal capping surface S, and we write 

\u\ = r{S) + fin{S). 

Definition 4.6. The differential d : Ar Ar is defined on the generators 
by 

(4.1) dx = Y^ E 

y [u]eA(x,y) 
n{u;x,y)=0 

As in Definition 14.61 we extend to Ar using linearity and the Leibniz rule. 
Define the grading of the coefficient f by 

l^^l = Q- 

The following special case of Corollarv 13 . 71 shows that the differential d is 
well-defined (that is, the sum in ()4.ip is finite). 

Lemma 4.7. If [u] G A(x,y) represents a summand ofdx, then 

£(x)- J^^(y,)>0. 

i 

Definition 14.61 makes {A,d) into a differential graded algebra (DGA): 

Theorem 4.8. The differential d has degree —1 and satisfies d'^ = 0. 

Further, this differential algebra gives rise to a Legendrian invariant. The 
precise statement of invariance involves the algebraic notion of "stable tame 
isomorphism"; see [U [13]. For now, note that stable tame isomorphism 
implies quasi-isomorphism. 
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Theorem 4.9. The stable tame isomorphism type of {A, d) is invariant 
under Legendrian isotopies of K . 

Of course, this means that the standard objects derived from the differ- 
ential algebra are also invariants: the augmentation number [25], the set of 
linearized (co)homologies [1] and their product structures [6], the character- 
istic algebra [23], etc. 

These two theorems combine to prove Theorem II .!( their proofs will ap- 
pear in Sections [6] and [71 respectively. 

4.4. Independence of choices. The definition of the grading and the up- 
coming arguments in Section [7] depend heavily on the formal capping surface 
assigned to each Reeb chord. We show here that the algebras associated 
to different choices of formal capping surface are isomorphic as differential 
graded algebras. 

Lemma 4.10. If x is a generator with fixed capping path 7, the grading of 
X is independent of the choice of formal capping surface compatible with 7. 

It follows that the grading of each generator depends only on the choice 
of capping path. Deferring the proof of the lemma for the moment, we will 
now show that the graded algebras associated to different capping paths 
are nevertheless isomorphic. More precisely, suppose that a and r are two 
functions which assign gradings to generators by associating a capping path 
and compatible formal capping surface to each Reeb chord. Denote the 
associated differential graded algebras by Ar and Aa, respectively. 

Theorem 4.11. Ar and Aa are tame isomorphic as differential graded al- 
gebras. 

Proof. Define (j) : At Aa on generators by 

One may easily verify that da o (p = (p o dr. □ 

Remark 4.12. We can, in fact, identify the quantity t(x) — cr{x) in the pre- 
ceding proof. For a fixed Reeb chord x, the difference between the capping 
paths associated to a and r is some signed number kx of copies of T. Let S 
be a capping surface for F, constructed as in Section [4.2.11 Then we have: 

r(x) - a{x) = kx{2r{S) + 2^n(5)). 

Proof of Lemma \4.10[ Given a capping path 7 for x, recall that we con- 
struct a formal capping surface by resolving the double points of 7 and then 
assigning to each of the resulting simple closed curves either a positive or 
a negative subsurface of S. We will show that the grading of x does not 
depend on these choices. 

For simplicity, let 7 denote a single separating component of the resolved 
capping path. Let Sp denote the region of S bounded positively by 7 and 
let Sn denote the region bounded negatively by 7. Since the union of ^at 
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and Sp is S, Proposition 13.41 implies that the sum of the defects of and 
P is the rational Euler number of M: 

n{SN) + n{Sp) = eiM). 

Furthermore, we claim that 

r{Sp) - r{SN) = Xorfe(S). 

To see this, note that the orbifold Euler characteristic is additive under 
identification of two 2-orbifolds along the boundary and that at a convex 
(resp. concave) corner of Sp, the correction term to r{Sp) is j (resp. —\), 
while the correction coming from the complementary concave (resp. convex) 
r{SN) is -| (resp. |). 

The closed curve coming from 7 bounds Sn negatively, so we have the 
following computation: 

riSN) + finiSN) = riSp) - Xorbi^) + (e(M) - n(5p)) 

= r{Sp) - Xorbi{^) + Xorbi^) + l^n{Sp) 

= r{Sp) + fm{SN)- 

A similar argument applies to a non-separating component of the cap- 
ping path when considering the choice between the positive and negative 
subsurfaces as at the end of Section 14.2.11 □ 

Finally, we note that from a computational perspective, it is often conve- 
nient to work over Z2 instead of Z2[Q]. As in [U [131 [29], this can be achieved 
by setting the Q parameter t equal to 1; in this case, the grading is only 
well-defined modulo 2r{S) + 2/xn(5), where S is a formal capping surface 
whose boundary is F, as in Remark 14.121 

5. Examples and Applications 

In this section, we present a collection of examples related to computing 
the differential algebra and distinguishing Legendrian knot types. 

5.1. A first example. As a first example, we consider the knot shown in 
Figure [3l 

We begin by computing the gradings of the generators, choosing the cap- 
ping path suggested by the orientation for each aj and reversing its orienta- 
tion to get a capping path for the associated 6j. Note that = 1. Then for 
all i, we have 

|aj| = 1 and \bi\ = 0. 

The generator ai admits two boundary discs, each of which corresponds 
to one of the two possible capping paths for ai. Neither path has corners, 
so the boundary word associated to each of these discs is t~l"L In each of 
the terms above, the power of t is 0. To see this, note that for each u which 
contributes to the boundary, the concatenation of u{dD) with the chosen 
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Figure 3. A Legendrian knot K in L(4, 3). 



capping path either contracts to a point in F or is F itself. The former 
case always results in t^; in the latter case, the power of t is because the 
contributions to |n| from the left and right sides of the central double point 
cancel. Thus, we obtain dai = 0. 




Figure 4. The three boundary discs, shown with multiplic- 
ities in each region. 

There is one other map of the disc into the diagram which contributes 
boundary terms. The image of this disc has multiplicity one in the region 
with defect —1 and multiplicity three in the region with defect |. This disc 
yields the terms 

da2 = 63 
803 = 62 

In this case, the argument that the t power is zero for both terms is the 
same as the one above. 

Note that, in general, every admissible defect map of a marked disc 
with k marked boundary points that map to convex corners will contribute 
k terms to the differential, one term for the positive chord at each corner. 

5.2. Torsion Knots. In this section, we present an example of a pair of 
topologically isotopic Legendrian knots distinguished by their Legendrian 
contact homology algebras. This construction provides the proof of The- 
orem II. 2( and the two non-isotopic Legendrian representatives appear in 
Figure [5l 

These knots may be constructed as follows: Fix any Seifert fibered space 
M with at least one exceptional fiber, 6 > 1, and /z Z. Recall that the 
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K K' 



Figure 5. Diagrams for two non-Legendrian-isotopic knots 
K and K' representing the torsion homology class [rrij — F]. 
The defect of each of the small lobes is 0. We assume that 
the loop at the top either encircles an exceptional fiber or 
has defect at most —1. Note that most of this knot lives in a 
vertically thin slice of the SFS, and that with respect to the 
short chords, all defects pictured are except for the region 
containing the exceptional fiber. 

construction described in Section [2.11 builds a Seifert fibered space from an 
S^-bundle by Dehn surgery. Perform all but the i^^ Dehn surgery, and call 
the resulting contact Seifert fibered space Mq. In Sq, consider an embedded 
circle that bounds a disc containing the marked point corresponding to the 
final Dehn surgery, but no other exceptional points. Increase the radius 
of this circle until its Legendrian lift Kq is a closed curve homotopic to a 
regular fiber. The defect of the region bounded by the circle is —1; since we 
have assumed 6 > 1, such a region exists! 

In a small ball B around a point on Kq, we may assume that the pair 
{B, Kq n B) is contactomorphic to the standard contact paired with the 
X axis. Let Ki and K'^ be the long Legendrian knots whose Lagrangian 
projections are pictured inside the dashed boxes in Figure [5l Modify Kq by 
replacing Kq n B with the image of each of K\ and K[ . 

Now perform the final surgery as indicated above. This results in the 
knots K, K' C M. Note that the defect of the region containing the excep- 
tional point is — this follows from Remark 13.61 The homology class of 
each of K and K' is [rrii — F] in M. 
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To show that K and K' are not Legendrian isotopic, we apply Chekanov's 
technique of hnearized homology [4] to the low-energy DGA. Further, we use 
the ground ring Z2 instead of Z2 [Q] . As noted at the end of Section 14.41 
the gradings are then well-defined modulo ^ — 2/i(l -|- ^). We begin the 
computation by finding the gradings of the generators. 

|fli...4| = 1 1^1. ..4I =2^ — 2 

I05I = —3 I65I =2^-1-2 

loel = 3 Iftel = 2/i — 4 

|a7...io| = 2/2-1 1^7.. .lol = 

With the knot K', the gradings are the same as before, except for the 
following: 

141 = -1 1^51 = 2/2 

la'gl = 1 |6g|= 2/2-2 

The next step is to find the augmentations of each DGA, i.e., graded 
algebra maps e : A ^ 1^2 that vanish on the image of d. To check for 
augmentations, it suffices to look at the differentials of the generators of 
degree 1. For K, we obtain 



dai = 1-1-67-1- a^CL^hj da2 = 1 + 67^8 

(9a3 = 1 -|- bgbg 9o4 = 1 -|- 69610 

The differentials for K' are the same up to reordering, and in addition, 
9ag = 0. In both cases, there is a unique augmentation e that sends 67.. .10 
to 1 and all other generators to 0. 

Finally, we linearize the differentials. Define (j)'' : A ^ A hy (p'^{x) = 
X + e(x), then conjugate by 0*^ and take the linear terms. One can easily 
check that ag cannot appear in the linearized differential for degree reasons, 
so the linearized homology of Ak with respect to e is nontrivial in degree 
3; in contrast, the linearized homology of Ak> with respect to e must be 
trivial in degree 3, as there are no generators in that degree. Since, as 
proved by Chekanov [5, the set of all linearized homologies taken over all 
possible augmentations is invariant under stable tame isomorphism, we may 
conclude that K and K' are not Legendrian isotopic. 

Remark 5.1. In fact, one can compute that the sets of Poincare- Chekanov 
polynomials for K and K' are + + t^^'"^ + t^^'+'^} and {^"^ + t + 
^2fM _|_ ^2^-2 respectively. Unlike the case of Legendrian knots in M'^, the 
linearized homologies of these knots do not have a "fundamental class" in 
degree 1 as promised by [30]. The duality structure of the case (again, 
see [30]) does appear to persist in some form, though we conjecture that this 
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easy appearance of duality is an artifact of the construction of the knots K 
and K' and that the general duality structure — if it exists at all — is more 
subtle. 

6. Proof that 9 is a differential 

6.1. Proof that d is graded with degree —1. Recall that each disc 
counted by the differential defines a formal capping surface Su whose mul- 
tiplicity is |u~^(c)| at a regular point c € S \ (P U X). 

Suppose that u is an admissible map representing the term in 
dx, and suppose further that each of x and the yj are a-type generators. 
Since defect and rotation are additive, we may compute |m| as a sum of the 
contributions from Su and the capping surfaces associated to the generators. 
Let Sj denote a capping surface for i/j, j > 1, and let 5o denote a capping 
surface for x. Then 

k 

\u\ = \Su\ - \So\ + ^ \Sj\. 
Expanding this, we have 

k 

(6.1) \u\ = 2[r(5„) + finiSu) - r(5o) - /xn(5o) + Yl (^("^i) + f^^i^j))] ■ 

i=i 

The fact that u defines a term in dx implies that Su has defect zero and 
rotation 1 — ^j^. Combining this with Equation ()6.ip yields: 

k 

-r"i = i-N+Ei%i- 

i=i 

This shows that the differential is a graded map when restricted to the 
subalgebra generated by the a-type chords. 

Now consider how the computations above change if some aj is replaced 
by the generator hj whose capping path is — 7j for 1 < j < fc. In this 
case, the fact that the defect of u vanishes implies that n{Su) = 1 in ()6.ip . 
However, since 

\bj \ = 2[r{Sj) + fJ-n{Sj) + M - ^] , 
the conclusion again follows. The argument for the j = case is similar. 

6.2. Proof that = 0. The proof that d satisfies = will be a com- 
binatorial realization of the standard compactness and gluing arguments in 
Morse- Witten-Floer theory. The spirit of the combinatorics goes back to 
Chekanov [3] ; the formulation of the proof mirrors that in |29j . 

We will work with two new types of disc: first, a broken disc is a pair 
{u, v) with u € A(x; yi, . . . , y^), v G A(yj; wi, . . . , Wi) for some 1 < i < k, 
and where n{u;x,y) = = n{v;yi,w). Every term in d^x corresponds to 
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a broken disc. Second, an obtuse disc is an admissible disc u : (D, dH) — ?> 
(S,r) that satisfies nearly all the conditions for inclusion in some A(rE;y) 
except that near one marked boundary point Zj, the image of u covers three 
quadrants of (S, F) instead of just one. We again require that n{u; x, y) = 0. 
The definition of the set A(x; y) can be adjusted to include obtuse discs if 
we specify the following: 

(1) If zo is the obtuse point, then the two of the three quadrants covered 
by the image of u are labeled and 

(2) If Zj, i > 0, is the obtuse point, then the two of the three quadrants 
covered by the image of u are labeled y~ . 

Theorem 14.81 will follow from two lemmata: 

Lemma 6.1 (Compactness). Every obtuse disc splits into a broken disc in 
exactly two distinct ways. 

Lemma 6.2 (Gluing). Every broken disc can be glued uniquely to form a 
obtuse disc. 

Proof of Lemma \6.1[ Let u be an obtuse disc with its obtuse corner at the 
image of Zi € dO. At the obtuse corner, there are two line segments of T 
that start at u{zi) and go into the interior of the image of u. For each line 
segment, construct a path c : [0, 1] — )■ D that begins at Zi, whose image 
under u follows F, and that ends the first time one of the following occurs: 

(1) The path intersects 9ID) at an unmarked point; 

(2) The path intersects itself; or 

(3) The path intersects at Zj. 

The image of c divides D into two marked subdiscs Di and B2, and ii(c(l)) 
must lie at a double point of F. Place additional marked points in 9Bj, 
i = 1,2, so that c(l) is marked in both discs. Let Vi = u\o^ for i = 1, 2. The 
marked points in the domain of Vi inherit labels from u, except at the new 
marked points. Choose labels at the double point u{c{l)) so that each Vi 
has exactly one positive label; note that these labels will both be a labels 
or they will both be b labels. 

To finish the proof of Lemma [6. 11 it remains to show that the pair {vi,V2) 
is a broken disc. As all of the admissibility and A conditions are local, it 
is obvious from the construction above that both vi and V2 are admissible 
discs and that the positive corner of V2 lies adjacent to a negative corner 
of vi. It remains to show that both vi and V2 have vanishing defect. The 
definition of the defect implies that n{vi) + n{v2) = n[u) = 0, and the proof 
now follows from Corollarv 13.71 □ 

Proof of Lemma \6.2[ Let {ui,U2) be a broken disc. Since the images of the 
Uj cover adjacent quadrants at the corner labeled yi, those images share an 
edge of F. More precisely, there exist immersed paths cj : [0,1] dHj, 
j = 1,2, so that ui{ci{t)) = U2(c2(t)) and ni(ci(0)) = yi = tf2(c2(0)), and 
the images are maximal among such paths. Glue the domains of ui and 
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U2 along the images of the Cj, removing the marked points Cj{0). We wih 
show below that it cannot be the case that both ci(l) and C2(l) are marked 
points. Define v on the new domain by patching together ui and U2 and 
smoothing if necessary. 

In order to prove Lemma [6121 we need to show that v is an obtuse disc. 
The only nontrivial facts to prove are 

(1) the defect of v, with respect to the Reeb chords it inherited from the 
Uj, vanishes; and 

(2) V has the proper behavior at the marked points lying at the endpoints 
of the image of Uj o cj . 

For the first item, note that the defect of v is the sum of the defects of 
the Uj since the integrals of the Euler curvature are additive and the chords 
eliminated from the uj have equal and opposite signed lengths. The fact 
that the defects of the Uj vanish now implies that the defect of v vanishes 
as well. 

For the second item, consider the common corner of the Uj. There, v 
does not actually have a corner, as the associated marked points have been 
removed from the domain of v. Thus, we need only show that ci(l) is a 
marked point in the domain of v with the property that t;(B) covers three 
quadrants near f (ci(l)). There are three possibilities, which we evaluate in 
turn: 

(1) It cannot be the case that neither ci(l) nor C2(l) is a marked point, 
or else the paths would not be suitably maximal. 

(2) Nor can it be the case that both ci(l) and C2(l) are marked points. 
Suppose, to the contrary, that this were the case. Since v has a 
positive marked point at C2(0), C2(l) cannot be positive. 

If ci(l) were a positive marked point, then we could replace v by 
an admissible disc : B' — )• S such that v = v' and W is the same 
as B except for a lack of marked points at the point corresponding 
to Cj(l). This new admissible disc would have only negative corners 
and no singular points, and hence a negative defect — but the defect 
of v' is zero, a contradiction. 

If both ci(l) and C2(l) are negative marked points, say at yi and 
Wm, then notice that yi and Wm must be labels for complementary 
chords. Summing the equations for the defects of ui and U2 yields 




Notice that all terms except £{x) are negative. Further, we know 
that i{x) < 2tt, whereas i{yi) + i{wm) = 2tt. This is a contradiction, 
so this case, too, is impossible. 
(3) The remaining case permits exactly one of ci(l) or C2(l) to be a 
marked point, and in this case we obtain an obtuse corner for v. 

□ 
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7. Proof of Invariance 

In this section we prove that Legendrian isotopic knots have stable tame 
isomorphic differential graded algebras. We refer the reader to [HITS] for the 
definition of stable tame isomorphism, with the caveat that we also allow 
elementary isomorphisms of the form (j){x) = t^'^x for each generator x of ^ 
as in [24] . 

Throughout this section, we will employ the following notation: let K~ 
denote a Legendrian knot in M, and let K'^ denote the knot which results 
from applying an isotopy to K~ . The Lagrangian projections and algebras 
of these knots are correspondingly denoted by and {A^,d^). We may 
assume that the combinatorics of differ only locally. 

If the isotopy region lies in the complement of the exceptional fibers, then 
r~ and F"*" will differ by a surface isotopy in S (which does not change the 
isomorphism class of the algebra), or by a Legendrian Reidemeister move. If 
the isotopy passes a segment of K~ across an exceptional fiber with Seifert 
invariants (a, then F"*" will differ from F~ by an a-teardrop move, as 
depicted in Figure [6] for a = 4. Label the new crossings in F"*" from 1 to 
a — 1, so that the index increases with proximity to the branch point. As 
a first step in proving invariance, we study the relationship between the 
gradings on A~ and . 

7.1. Invariance and the grading. If each generator of A~ is assigned 
a formal capping surface, then the isotopy induces a canonical collection of 
formal capping surfaces for the generators of A'^ . In the case of isotopies that 
create new intersections, we will impose a further compatibility condition 
on the formal capping surfaces chosen. These conventions are necessary for 
the proof that the stable tame isomorphism induced by a local isotopy is 
graded. 

Given a formal capping surface for x on (S,F~), we construct a formal 
capping surface on (E,F^) which preserves multiplicities in regions away 
from the isotopy. Near the isotopy region, the new formal capping surface 
is determined by the condition that crossing a strand of F effects the same 
change in multiplicity before and after the isotopy. (Note that this crossing 
is oriented.) 

Proposition 7.1. Let S~ be a capping surface for the Reeb chord x, and 
let be the image of S~ under an a-teardrop move. Denote the grading 
of X with respect to the surface S* by \x\* . Then \x\~ = \x\^ . 

Proof. Suppose that the formal capping surface S C (S, F~) had multiplicity 
at the exceptional point and multiplicity 1 in the adjacent region R. (See 
Figure [6] with n = 0, A; = 1.) After the isotopy, the local diagram has regions 
{Ri}f^Q, where the multiplicity of the capping surface in Ri is equal to i. 
We can compute the rotation of each of these as in Section 13.41 
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Figure 6. The integers represent multiplicities of a for- 
mal capping surface before and after an isotopy. In the iso- 
topy region, preserve the change in multiplicity associated to 
crossing each strand of T. 





Ri 


Rl<i<a~l 




Ra 


r 


r{R) - I 





1 
4 


i _ 1 

a 4 



Scaling these values by the associated multiplicity, the local contribution 
to the rotation of the new formal capping surface is 

Y^kriR,) = {r{R) - ^) + (« - 1)(^) + a{=^ + i) 

k 

= r{R). 

Since rotation of regions is additive, this result holds for all possible initial 
multiplicities. Furthermore, the fact that the isotopy passes K across a disc 
implies that the defects of the formal capping surfaces before and after the 
isotopy are the same. □ 

To prove that Legendrian Reidemeister moves preserve grading, consider 
the stable tame isomorphisms defined in [29]. It is straightforward to verify 
that with the formal capping surfaces as described above, these maps are 
graded. 

7.2. Isotopy invariance. As above, suppose that K~ and differ by a 
Legendrian isotopy in M. In the case when F" and F"*" differ by a Legendrian 
Reidemeister move, the proof of invariance follows largely from [29]. We 
therefore restrict attention to the teardrop move which results from passing 
a segment of K~ across an exceptional fiber with Seifert invariants (a,/3). 
Away from a neighborhood of the exceptional point e, the surface isotopy 
class of F~ is preserved, and we may similarly assume all labels on F"*" and 
F~ in the complement of the isotopy region agree. 

The proof that {A'^ , d~^) and {A~, d~) are equivalent differential algebras 
proceeds in five steps. First, we stabilize {A~^d~) and denote the resulting 
algebra by {A!,d'). Second, we study the relationship between 9"*" and 
9', and in the third step we use this data to define a tame isomorphism 
s : {A'^ ,d'^) — )■ {A! , d'). In the fourth step, we show that 9' = s o 9+ o 
on the subalgebra corresponding to the generators of A~ . Finally, we define 
a tame automorphism ^ : {A',d') — )• {A',d') so that gosod'^ os^^ og~^ = d' . 
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7.3. Step 1: Constructing^'. Let denote the (a — l)-fold stabilization 
of A~ , where £i = {e\, e^}- 

A' = A l[£il[£2..l[£a i 

Extend the length function on A^ to A' by assigning the stabilizing genera- 
tors have lengths which correspond to those coming from the new crossings 
in r+: 

e{e^) = £{ba-k) for 1 < A; < a - 1. 

Next, we will assign gradings to the stabilizing generators of A'. For each 
k, there exists a map G A{ak;ba-k)] see Figure [71 

Construct a formal capping surface for using the loop which runs along 
the Mfc-image of dD. For choose the loop which is a subset of the 

loop. Choose the formal capping surface Sb^_f. which differs from Sa^ only 
by the image of Uk- 

Assign gradings to the stabilizing generators of A' so that for 1 < A; < 
a — 1, 

= \ak\ 

1^2 I ~ If^a— fcl- 

Lemma 7.2. With as above, n[uk]ak^ba-k) = 0. 

Proof. Since Uj. G A{ak,ba-k), it follows that n{uk; ak,ba-k) is integral. 
Restricting the isotopy region sufficiently renders the curvature term in the 
defect negligible, so the defect depends entirely on the lengths of the chords. 

We may assume that the isotoped strand remains in a sufficiently small 
ball centered on the exceptional fiber. Thus, the lengths of any new chords 
created by the isotopy are arbitrarily close to integral multiples of the length 
of the exceptional fiber: 

'2tt An 2{a - l)7r ' 



iiak),i{b^-l) G 



a a a 



The contributions of the indicated chords to the defect have opposite signs, 
so the only possible integral value for n{u; ak, b^-k) is 0. □ 

Lemma 7.3. // is a new generator coming from , then b^-k is a 
summand of d'^Ok- 

Proof. Lemma [7.21 implies that b^-k appears in the the boundary of with 
some coefficient; we need to prove that this coefficient is 1. With formal 
capping surfaces of the type described above. Definition [4]3] and Equation l3.5l 
together imply that |afc| — = 1. Thus, the coefficient of ba~k in the 

boundary of Ok lies in Z2. The disc discussed in Lemma [7.2l is the only disc in 
A{ak;ba~k) whose image lies inside the isotopy region, and the arbitrarily 
small difference in the lengths of Ok and ba-k implies that there cannot 
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Figure 7. The left figure indicates tlie multiplicities as- 
sociated to the image of ui, which sends the two marked 
boundary points to double points labeled oi and 62. The 
center figure indicates the image of the same map lifted to 
the 3-fold branched cover of the teardrop region. The right 
figure indicates the lifts of the paths used to construct formal 
capping surfaces for oi and 62- 



be a disc in A{ai:;ba-k) whose image leaves the isotopy region. Thus, the 
coefficient is 1, not 0. □ 

As a graded algebra, {A', d') is isomorphic to {A^ , 9"*"). As a vector space, 
A! decomposes as A~ © , where is the two-sided ideal generated by 
elements in the stabilizing pairs £i. Define t : A' ^ A' to be projection to 
A~, and define F : ^' ^' by 




ye\z if X = ye\z and y £ A 
otherwise. 



Lemma 7.4. r satisfies 

(7.1) T + idA' = F od' + d' o F. 

The proof is a straightforward computation. 

7.4. Step 2: The relationship between d~ and . In order to adjust 
the algebra isomophism between A' and A'^ to an isomorphism of differential 
algebras, we compare the boundary maps 9"*" and d' . Terms in d' come from 
two sources: the internal differentials on the stabilizing generators £i, and 
the differential d~ which counts discs in F". Lemma 17.31 showed that the 
first type of term has a natural analogue in , and in this step we study 
discs of the second type. 

Definition 7.5. For each k > 2, let I{k) denote the set of ordered partitions 
/ = {ii,i2, ■■■i\i\} of k which satisfy 

0< 5^^(aiJ| <2|/|e'. 

for e' less than the absolute value of the total curvature of the isotopy region. 

For a generator x of A, define a special x-set as 
(1) a term yiha-ky2 in d'^x; together with 



LEGENDRIAN CONTACT HOMOLOGY IN SEIFERT FIBERED SPACES 



27 



(2) a collection of words {wi^ , ...Wi^ } indexed by / € I{k) with the prop- 
erty that each Wi- is a term in d^ai .; and such that 

(3) each Wi. and yi is written entirely in generators which come from 
crossings in T~ . 

Lemma 7.6. There is a bijection between special x-sets and boundary discs 
in d^x with the properties that u{dO) covers the isotoping strand of T at 
least twice and \u~^{e) \ = 1. 

Before proving the lemma, we briefly consider the cases in which u{dl}) 
covers the isotoping strand once or |n"^(e)| = 0. As above, let Su denote the 
formal capping surface associated to the image of u. The post-isotopy image 
of Su, as shown in Figure El is a formal capping surface which describes a 
boundary disc in d^x. Lemma 17.61 describes how the isotopy affects maps 
u when this simple analysis is insufficient. To understand the case when 
|u~^(e)| > 1, restrict u to a subdisc of D and apply Lemma 17.61 

Proof. For ease of visualization, we temporarily lift F" and F'^ to their a- 
fold cyclic covers, and Figure [8] suggests the idea behind the proof: a single 
disc representing a term in d~x corresponds to a collection of discs in (E, F+) 
which represent boundary terms in d'^x and d'^ai-. 




Figure 8. 



First, consider the image of a map representing a term in d~x and suppose 
that u{dl$) covers the isotoping strand n > 1 times. By Proposition 13.51 
u(B) lifts to a disc in the manifold M. Removing the isotopy neighborhood 
cuts this lift into a collection of n discs, each with a segment of its boundary 
lying on the boundary of the isotopy region. The Lagrangian projection of 
this segment consists of a collection of arcs whose images were contiguous 
to e in F~ alternating with arcs whose images were separated from e by F~. 
(The contiguous arc are shown in bold in Figure El) 

Now replace the removed ball with its post-isotopy image. The projection 
of each of the n discs can be extended to the image of an admissible disc 
without singular points in (S,F"'") by attaching a unique triangle along an 
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arc in the boundary of the isotopy region; the new corner in the image of 
each disc is labeled either by if the disc also contains , or by some 
a^. The labeling convention implies that the boundary of an ai. triangle 
covers ij contiguous arcs, and the boundary of the triangle covers 

a — k contiguous arcs. Since each of the a contiguous arcs is covered by 
some triangle, it follows that the sum of the ij is k. Furthermore, the total 
curvature associated to the isotopy region may be bounded close to zero, so 
Lemma |4. 71 ensures that Definition 17.51 is satisfied. Thus, the new collection 
of discs represent terms forming a special x-set. 

Given a special x-set, consider the images of the corresponding discs in 
the labeled diagram. Remove a neighborhood of the image of the isotopy 
region, truncating each disc. Replacing this region by its pre-isotopy image, 
there is a unique way to assign multiplicities to regions of S \ T^ which 
matches the edges of the truncated discs. This defines an admissible map 
without singular points into (S, T); since the isotopy region may be assumed 
arbitrarily small. Definition 17.51 implies that the defect of this map is and 
therefore represents a term in d~x. □ 

7.5. Step 3: Constructing s : A'^ ^ A'. The map s : ^+ ^> ^' is 
defined inductively, based on the lengths of the generators. Let A^q] denote 
the subalgebra generated by the generators of A'^ with length less than or 
equal to ^ + Ordering the remaining generators by increasing length, let 
Ay] denote the subalgebra generated by the elements in A^ , together with 
the next j generators. 

Lemma 7.7. If Xk is in A[j]\A[j^i] for j > 1, then d~^{xk) C Ay^i]. 

For each a^, write d^a^ = ba-k + '^'fc- Note that if G ^[o]) then b^-k is 
the only word in d^Uk which does not involve some generator coming from 

r-. 

Define sq : A^q] — > A' by 

X if X is from F" 

so{x) = \ e^l if X = Ofc 

^e^ + Vk if x = ba-k- 

For the inductive step, suppose that Sj : Ay] A' is defined for j G 
{0,1,. ..M - 1}. Define: 

' X if X from F~ 

e'l + SA/-i(I]an9+ai2---'9^ai|/j) if a; = 

+ SM-i{vk)+ 

. SA/_i(X]<9+aii9+ai2...9+a|/^l) if x = ba-k- 

Here, the sums are taken over Ij G I{k) with > 1. 

Since A is finitely generated, this process terminates after finitely many 
steps. Call the resulting map s. 



(7.2) sm{x) 
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The length bounds coming from the definition of T{k) imply that the 
s-images of the sums are well-defined. Lemma 17.31 implies that the coeffi- 
cient of ba-k is 1, but the summands may have nontrivial coefficients. 
In order for s to preserve gradings, we multiply each term of of the form 
siai^d'^ai2...d'^ai. .) by an additional power of t. Multiplying the corre- 
sponding term in s(ba-k) by the same power of t ensures s preserves grad- 
ings. However, we suppress this coefficient for notational simplicity. 

7.6. Step 4: Relating d' and d~^. We use the map defined in the previous 
step to define a new differential on A'. Let d : A' ^ A' he defined by 
d = s o o s~^. 

Recall that r is the projection of A' = A'^ Is onto the first summand. 
Lemma 7.8. On ]Jt=i £i,d' = d. 

The proof is a computation. Although the equality of Lemma [7. 81 does not 
hold in general, composing the two differentials with r yields the following 
equality: 

Lemma 7.9. t o d' = t o d. 

Proof. Fix X to be a generator associated to a crossing in . To prove 
the lemma, we compare the words appearing in r o d'{x) and in r o d{x); it 
suffices to show that any word with no generators in the Si appears in both 
d{x) and d'{x). 

Terms in d'{x) come from one of the following types of admissible maps 
without singular points: 

(1) Maps whose image is disjoint from the exceptional point. 

(2) Maps whose image covers the exceptional point, and such that u{dJi) 
covers the isotoping strand zero or one times; 

(3) Maps whose image covers the exceptional point, and such that n((?B) 
covers the isotoping strand two or more times. 

Clearly, r o d'{x) = d'{x). 

Maps of the first two types correspond to terms in d~^x which do not 
involve any of the new generators. Note that Lemma [7.61 relates maps of the 
third type to special x-sets. 

We compare these terms to terms in d{x). Since s~^{x) = x, terms in 
9x = s o (9+ o s~^{x) are the s-images of terms in d^. These separate into 
two types: 

(1) Words involving none of the generators associated to new crossings 
in r+; 

(2) Words involving at least one of the generators associated to new 
crossings in r+; 

In the second list, words with some Ofc but no bj from the isotoping region 
vanish under r. We show this by induction on k, where the base case is 
provided by the observation that s{ai) G I^. Now suppose the claim holds 
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for all ak with k < j. Applying s to Uj yields e{ and a (possibly empty) 
sum of products, each of which begins with an term for some k < j. By 
hypothesis, each of these will vanish under r o s, which proves the inductive 
step. 

To see that the remaining terms agree, recall the s-image of ba-k- 
s{ba-k) = 62 + s{vk) + s{ ^ a+ai,...5+ai|^^|). 

We consider each term in turn. First, note that since 62 corresponds 
to a generator coming from some new crossing in F"*", it will vanish under 
r. Recall that d~^ak = ba-k + Vk] if a summand of Vk contains a generator 
corresponding to a new crossing, then its s image will similarly vanish under 
r. This leaves us with summands of d~^ak written only in generators which 
come from crossings in T~ . Each of these discs may be glued to a boundary 
disc for X with a corner at b~_j^, and after smoothing this corresponds to 
a disc in 5~x whose boundary covers the isotoping curve of T twice. The 
remaining terms, each of the form d~^ai ...d~^ai,, ,, can similarly be taken 
together with a word of the form d~^x = yiba-ky2 to form a special x-set. 
Lemma 17.61 implies that the associated discs can be glued and smoothed to 
form a disc contributing to d~x whose boundary covers the isotoping strand 
more than two times. 

□ 



7.7. Step 5: Constructing g : A! ^ A! . Following Chekanov, we con- 
struct g : A! ^ A' as a, composition of maps gj , each of which is an elemen- 
tary isomorphism affecting only the generators in Furthermore, 
each gj inductively defines a new boundary map on A! by conjugation: 

%] = 9jd[j-i]gJ^. 

Set (9[o] = d. For the inductive step, suppose that for 1 < A; < j — 1, the 
maps gk satisfy 9[fc]U[fc] = ^'Uf^j- Define gj : A' ^ A' by 



9j{x) 



X + F{d'{x) + if X G Aj\A[j^i] 

X otherwise. 



Lemma 7.10. Writing g = g^ o g^^i o ... o g2 g^, 

d' = g o d o g~^ = g o s o o s^^ o g^^ . 
This establishes a tame isomorphism between {A^,d^) and {A',d'). 



The proof relies on Lemmas 17. H 17.71 and 17.91 and follows verbatim from 

a- 
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